Bifurcations of a heteroclinic contour composed of two equilibrium points of saddle-focus type and two heteroclinic orbits are considered. The case is selected where dynamics of the system is simple, i.e., no more than one periodic orbit is born at bifurcations in a small neighborhood of the contour. In spite of the simplicity of dynamic behavior, the structure of the bifurcation set corresponding to multi-round heteroclinic orbits is shown to be rather complicated. The complete bifurcation analysis is done under some conditions of a general position.
Introduction
We consider bifurcations of dynamical systems possessing a contour composed of two saddle-focus equilibrium points and two heteroclinic orbits connecting the equilibria (see Fig. 1 ). Such a contour can be considered as a generalization of a homoclinic loop with one saddle-focus (Fig. 2) . According to the Shil'nikov theorem, saddle-focus homoclinic loops can be of two essentially different types. The homo clinic loops of the first type are associated with chaotic dynamics: in any neighborhood of this loop there exist non-trivial hyperbolic sets including infinitely many saddle periodic orbits, non-trivial recurrent orbits, etc. [Shil'nikov, 1965 . In fact, the complex behavior near such a loop is far to be exhausted by the presence of hyperbolic sets (see details in Ovsyannikov & Shil'nikov [1986 ,1991 and, till now, the homoclinic loops of a saddle-focus remain as one of the most complicated objects ofthe modern theory of dynamical systems.
The homo clinic loops of the second type belong to systems with simple dynamics: bifurcations of such loops can lead to the appearance of at most one periodic orbit [Shil'nikov, 1963 . The two types of homo clinic loops are distinguished by the 949 so-called Shil'nikov condition: if the characteristic exponent! nearest to the imaginary axis has a non-zero imaginary part, then the presence of a homoclinic loop implies chaos; otherwise, dynamics is simple near the loop.
Analogously, the set of dynamical systems with a heteroclinic contour containing two saddle-foci can also be decomposed into two classes. The first class is composed of systems for which the Shil'nikov condition is fulfilled at least at one of the saddle-foci. The peculiarity of systems of this class is that either the system itself or a close system has nontrivial hyperbolic sets in a small neighborhood of the heteroclinic contour (this assertion follows 0 bviously from the Shil'nikov theorem, since a homoclinic loop of any saddle-focus can be formed when the contour is split).
I
The second classJconsists of systems with simple dynamics, bifurcttions of which can lead to the appearance of at most one periodic orbit in a small neighborhood of th¢ contour. The main result of this paper is that the structure of the bifurcation set corresponding to the formation of multi-round heteroclinic orbits of the saddle-foci turns out to be rather nontrivial even for systems of the second class. Specifically, for systems of the second class, we establish that the two-parameter bifurcation diagram contains a countable set of bifurcation curves corresponding to multi-round heteroclinic orbits. Moreover, these curves intersect the bifurcation sets corresponding to homoclinic loops at an infinite set the closure of which has cardinality of continuum (see Fig. 4 and Theorem 2.1).
Note an evident application of the obtained results: since heteroclinic orbits of an ODE describing plane travelling waves of an extended system correspond to the kink type solutions, our results could allow one to prove an existence of an infinite series of multi-kink solutions (and to investigate their structure) in some cases.
A more precise statement of the problem and the main result of this paper (Theorem 2.1) are given in Sec. 2. We reduce the problem to the threedimensional case using the existence of an invariant smooth three-dimensional manifold in a small neighborhood of the heteroclinic contour. The proof of Theorem 2.1 is based on the study ofthe Poincare map defined by the orbits belonging to the invariant manifold. This map is described in Sec. 3. The main property of the Poincare map that we use in the proof is that the map is contractive. Some intermediate results implied by the contractivity of the map are proved in Sec. 4. The construction of the bifurcations sets is given in Sec. 5.
Statement of the Results
Let Xp. be a two-parameter family of threedimensional dynamical systems. We suppose that the vector field of Xp. depends smoothly (C r where r ~ 1) on phase variables and parameters. Let (A) the system Xp. has two structurally stable equilibrium points 01 and 02 of the saddlefocus type; namely, the characteristic exponents of Os are ('x!, ,x~) (Fig. 1 ).
As we have mentioned, homoclinic loops of the saddle-foci 0 1 and O 2 can arise at bifurcations of the system Xo. If at least one of the points 01 or O 2 satisfy the Shil'nikov condition (in our case it is the inequality Qi < ,i), then in a small neighborhood of the loop there will exist non-trivial hyperbolic sets. Furthermore, as it follows from Ovsyannikov & Shil'nikov [1986 ,1991 homo clinic tangencies may arise in the neighborhood of the loop which cause the appearance of infinitely degenerate periodic orbits [Gonchenko et al., 1991 [Gonchenko et al., ,1993 . It is clear that the complete description of bifurcations of system Xo is inadmissible in this case.
Here we consider the opposite case where only one periodic orbit can appear at the bifurcations of the heteroclinic contour C. According to what has been said, we shall assume that the Shil'nikov conditions do not hold. Namely, we require (C) the saddle values (ri -Qi) (i = 1, 2) are both strictly less than zero.
We assume also that the two-parameter family XI-' is in a general position; i.e.
(D) in the space of dynamical systems the family XI-' is transverse to the co dimension two bifurcational surface composed of systems having a heteroclinic contour close to C.
This condition guarantees that splitting parameters
for the orbits r1 and r2 can be chosen to be the control parameters. It is convenient to denote the splitting parameter for the separatrix r l as J),2 and the splitting parameter for the separatrix r2 as J),1.
Specifically (see Fig. 3 ), if Gi is the point of intersection of the separatrix r i with some cross section Sj constructed near the point OJ (j = 3 -i), then J),i is the distance 2 between Gi and the line of intersection of WJ with the same cross section.
We will show (Lemma 4.3) that there exists a small neighborhood U of C such that the system XI-' has no more than one periodic orbit in U for J), small 2Taken with a positive sign if Gi lies "above" W~, and with negative sign if a; lies "below" W;. enough (the analogous result was earlier proved in Chow et al. [1990] . The periodic orbit is attractive (its multipliers lie strictly inside the unit circle) and it bifurcates merging in a homo clinic loop of one of the saddle-foci.
We denote the curve on the plane (J),I, J),2) that corresponds to the presence of a homo clinic loop of Oi as Li. The curves Li will be proved (see Eqs. (5.2)) to be the graphs of some smooth func-
the system XI-' has the unique periodic orbit and Xp. has no periodic orbits if J), does not belong to this region.
The bifurcation diagram (Fig. 4) for the family XI-' contains also the curves C~2 and C~l (k = 0, 1, 2, ... ) such that for J), E ct the system has an orbit of the heteroclinic connection which goes from the saddle-focus Oi, makes k rounds along U and enters the saddle-focus OJ. The curves C~2 and C~l are given by equations J),2 = hf2(J),1) and J),1 = h~l (tL2), respectively, where hfj are some smooth functions such that the derivatives of h'!:· are IJ bounded by a small constant, independent of k, which can be made arbitrarily small as tL tends to zero. The following theorem gives a description of the bifurcational set corresponding to the multi-round saddle-foci connections. By the methods of Thraev [1984J, Shashkov [1991 ' Homburg [1993J, and Sandstede [1994J where analogous results were proved for some different types of homo clinic loops and heteroclinic contours, the following theorem can be established (we postpone the proof for a forthcoming paper [Shashkov et al., 1995] (A}, A;, "'d) .
By this theorem the study of multi-dimensional systems satisfying Conditions (A/)-(F) is reduced to the study of the three-dimensional system on the invariant manifold M~. Evidently, the reduced system satisfies Conditions (A )-(D), therefore, the main Theorem 2.1 holds true for the multidimensional case.
Poincare Map
According to the reduction Theorem 2.2 we may restrict ourselves to the three-dimensional case. In a neighborhood of the saddle-focus Oi there can be introduced local coordinates (Xi, Yi, Zi) such that the system X p, takes the form
where dots stand for nonlinearities. Here "Ii > 0, ai > 0 and Wi > O. By Condition (C) we have
The stable manifold Wt of Oi is a twodimensional surface which, when j.t = 0, is tangent to the plane Xi = 0 at the point Oi = (0, 0, 0). This means that W/ is locally the graph of a C l -function
The manifold Wt consists of three orbits: the saddle-focus Oi and two separatrices one of which is the orbit fi connecting Oi and OJ (j = 3 -i) at j.t = O. Without loss of generality we assume that the orbit fi leaves Oi tangent to the positive Xi-axis.
In this case, if 8 > 0 and xi > ° are small enough, then the surface
is, for small j.t, a cross section for the orbits close to fi; here (xi, Yi, zi) is the point of the first intersection of fi with the plane Xi = xi· At j.t = 0, the orbit fi tends to OJ (j = 3 -i) as a spiral intersecting the plane Zj = 0 in a countable sequence of points accumulating at OJ. Take one of these points with the coordinates (x;, Yj, 0). The surface On the cross section Stut we introduce coordinates (vC?ut wC?ut) to Oi. If, finally, the coordinate Ui of the intersection point is small and positive, the orbit will pass near Oi and intersect the cross section Sit (the smaller the starting value Ui, the closer is the intersection with Sit to the point (vit = 0, wit = 0)).
After that, the orbit will pass near the orbit ri and intersect the cross section Sj (j = 3 -i) near the point Gi = ri n Sj.
Thus, the flow near the heteroclinic contour C defines a pair of the half-Poincare maps: T1 : st -t S2 and T2 : st -t Sl. Moreover, dynamics near the contour is completely determined by behavior of their superposition T 2 0T l (or T1 oT2)'
The main result of this section is given by the following lemma which, mainly, says that the maps Ti are contracting. If the system were at least C2, this result would follow from Shil'nikov [1963J. We have to consider the C 1 -smooth case because the invariant manifold in Theorem 2.2 is, in general, only C1. Correspondingly, the reduced three-dimensional system may be only C 1 also, independently of the smoothness of the initial multidimensional system. By definition, the value uj is the splitting parameter for the orbit ri (see Fig. 3 ). Condition (B) that guarantees the existence of the heteroclinic contour C at JL = 0 implies that ui = 0 and ui = 0 at I" = O. Condition (D) of the transversality of the two-parameter family Xp. to the codimension two bifurcational surface means that the Jacobian is not equal to zero. Therefore, without loss of generality we may assume (3.15) Formula (3.14) for the map Tij is now rewritten as Tij : { (y;~ ~~~)) = Ai ( ~;: ) + ... (3.16) where yj(JL) is a smooth function of I" = (JLll 1"2) . 
If we fix xI = xi and zP = 0, the last two equations of system (3.17) will give us the map 
By Eqs. (3.18) and (3.20)
We will show that all the derivatives 8(iO 'oi ) is given by the first part of the lemma). As for the vanishing of the derivative with respect to Ui, it follows from the vanishing of derivatives of Tii (formula (3.22) ) and from the boundedness of the derivatives of Tij.
To complete the proof of the lemma, we need, thus to obtain suitable estimates for the derivatives in Eqs. (3.21). Note that the solution of the Shil'nikov problem is found as a fixed point of some integral operator which is defined and uniformly contracting for all T 2: 0, including T = +00 (see Shil'nikov [1967] ). Therefore, all derivatives in the right-hand side offormula (3.21) have a finite limit as T ---t +00 and it is, therefore, sufficient for our purposes to prove that 
a(Yi, Zi) = O(e-(ai-e)'T) ---t 0 aT
as T ---t +00. Note that all the time that the orbit {Xi(t), Yi(t), Zi(t)} lies in a small neighborhood ofthe equilibrium state Oi, the following estimate holds (3.30) due to the fact that the spectrum of the linearization matrix of the system at the point Oi lies to the left of the straight line Re{·) = Ii on the complex plane; here c > 0 is some small constant. Inequality (3.30) implies that
for some constant Bl. By differentiating the equality The proven lemma establishes that the derivatives of the right-hand sides of the half-Poincare maps Ti are small for sufficiently small values of Ui; i.e., these maps are contracting and the contraction constant q can be made arbitrarily small if the size of the neighborhood of the contour under consideration is taken to be small. We will show in the next section that the contractivity of the halfPoincare maps imposes strong restrictions on the dynamics near the contour. Besides the contract ivity, we will also use the following evident property of these maps:
The Spiral Property. If Fig. 8 ). Note that the spiral property holds independently of the behavior of the coordinate Yi of the starting point and of the parameters J1, (they are assumed to change in some continuous way). This property is a simple consequence of the fact that the characteristic exponents (A~, Ar) corresponding to the coordinates Yi and Zi have a non-zero imaginary part (ImA~ = w, ImAr = -w). To prove the property, let us introduce the coordinates 
Some Lemmas
In this section we will prove a number of intermediate statements based on Lemma 3.1 of the previous section. As mentioned, identity (3. Proof. Denote as {fd the set of points of intersection of the separatrix r i with the cross sections 8 1 and S2. Note that {rr} n S2 contains, at least, the point Gi and it is therefore not empty. Analogously, {r2} n Sl =f:. 0. For any point P E Si there can be defined a distance to the set {r1} u {r2}:
GE( {rl }u{r2} )nS;
For any point P E 8t U 8? the following inequality holds dist(Ti(P), {r1} U {r2}) ::; qdist(P, {rI} U {f2})' (4.2) Indeed, let G be an arbitrary point in {rI} u {r2}' It follows from (4.1) that if G E st u S?, then
dist(Ti(P), Ti(G)) ::; qdist(P, G). (4.3)
If G E 8 i -, then dist(P, 8?) < dist(P, G), and dist(Ti(P), Gn = dist(Ti(P), Ti(S?)) ::; qdist(P, Sf) < qdist (P, G) ( 4.4) where Gi = ri n 8 j (j = 3 -i). Inequalities (4.3), (4.4) imply (4.2). Let some orbit stay for all negative times in the neighborhood U. Suppose that the orbit does not coincide with the equilibrium states 01, 02 or with separatrices rI, r2 (otherwise, the lemma is trivial). In this case a backward semi-orbit intersects the cross sections 8 1 and 82 infinitely many times. Let Pi be the sequential points of the intersection: P2i E 8 1 , P2i+1 E 82 , By (4.2) dist(P o , {rI} u {r2}) ::; qi dist(Pi, {rI} u {r2})'
Since q < 1 and since i can be taken to be arbi~ trarily large whereas dist(Pi, {rI} u {r2}) remains bounded for any i, it follows that dist(P o , {rI} u {r2}) = o. This lemma shows that the behavior of the orbits of the system Xp. in U is determined by the behavior of the separatrices. In particular, if there exists a periodic orbit in U, then at least one of the separatrices tends to it as t --+ +00. Summarizing the results above we obtain the following list of possible types of behavior of orbits in U. (Fig. 9) ; 2. a single-round periodic orbit II and two separatrices r1 and r2 tending to II (Fig. 10) ; 3. a single-round periodic orbit II and one of the separatrices that tends to K (the other leaves U) (Fig. 11) ; 4. a single-round periodic orbit II, one of the separatrices that tends to II and the other separatrix that forms a heteroclinic connection (Fig. 12) ; 5. a single-round homoclinic loop formed by one of the separatrices r i (the other leaves U) (Fig. 13); 6. a single-round homoclinic loop formed by one of the separatrices r i , and the other separatrix that forms a heteroclinic connection (Fig. 14) ; (Fig. 15) ; 8. one orbit of a heteroclinic connection (the other separatrix leaves U) (Fig. 16 ).
Proof. At JL = 0 the closure ofthe set r l ur 2 is the heteroclinic contour C. Therefore, N = C in this case by virtue of Lemma 4.2. 2. tend to an equilibrium state and form a singleround homo clinic loop, 3. tend to an equilibrium state and form a heteroclinic connection, 4. tend to a single-round homo clinic loop formed by the other separatrix.
In the last case of this list the closure of the set flU f 2 consists of the orbits 01, 02, f I and f 2. By Lemma 4.2, the set N equals to {Ol, O 2 , fl' f 2 }; this corresponds to item 7 of the present lemma.
If the separatrix fl forms a heteroclinic connection (Case 3 of our list), the other separatrix may, by Lemma 4.1, tend to a single-round periodic orbit, or tend to an equilibrium state and form a homoclinic loop, or it may leave U (it cannot form another heteroclinic connection because there cannot be heteroclinic contours at J-L #-0). This corresponds, respectively, to items 4, 6 and 8 of the present lemma.
If the separatrix r 1 forms a homo clinic loop (case 2 of the list), the other separatrix may tend to the homoclinic loop (item 7 of the lemma), or tend to an equilibrium state and form a heteroclinic connection (item 6), or it may leave U (item 5).
If, finally, the separatrix rl tends to a periodic orbit II (case 1 of the list), the other separatrix may also tend to II (item 2 of the lemma), or it may form a heteroclinic connection (item 4), or it may leave U (item 3). We considered all possibilities and the lemma is proved.
• Note that items 1-3 of the lemma correspond to the case where the system XJl is structurally stable and it is structurally unstable in the other cases. Thus, we have as ct, i = 1, 2, j = 3 -i, k = 0, 1, ... ).
In the next section we will show that all these sets are non-empty and study the structure of these sets.
The Construction of the Bifurcation Set
Consider the sequence {r i } of points at which the separatrix r i intersects consequently the cross sections SI and S2. The points of this sequence will be denoted as Gt, G~, ... (we used the notation GT for the first point Gt in the previous sections). By definition, the points Gt, Gt, G?, ... lie in Sj (j = 3-i) and the points G~, Gt, G?, ... lie in 8i. Here,
The sequence {r i} may be infinite and in this case all points {Gt, G~, ... } lie in st u st, or it may be finite and in this case the last point in the sequence belongs to 8p U S1" or to sg U 8:; and the other points lie in st u st. In principle, one can imagine the case where the last point lies in stust, but sufficiently high, so that it does not belong to the neighborhood U. The following lemma shows that it is impossible for small J-L. Denote 1iJ-L1I = max(lJ-Lll, 1J-L21).
Lemma 5.1. The set ({rt} u {r2}) n Si (i = 1, 2)
lies in the open disk with the radius 1iJ-L1I and with the center at the point Gj (j = 3-i); i.e., dist(P, Gj) < IIJ-LII for any P E ({rl} u {r 2 }) n Si.
Proof. The points Gj == G} themselves belong to these disks. Let some point Gi (s ~ 1) belong to such a disk. For more definiteness, assume that the point Gi lies in SI. Then,
Gi is not the last in the sequence {ri}, then, by the contractivity of the map Tl (formula (4.1)), we have
if q is taken less than 1/2. In other words, the next point Gi+1 also belongs to the open disk with the radius 1iJ-L11 but, now, with the center at the point Gi. This, by induction, gives the lemma.
• According to this result, in the region {J-L2 > 0, J-L2 ~ J-Lt} none of the points of {rl} u {r2} can lie on sg. Therefore, in this region neither the separatrix rI, nor the separatrix r2 can belong to W~. Thus, in this region on the parameter plane, there is no parameter values corresponding to heteroclinic orbits going from 01 to 02, or to a homoclinic loop
there is no parameter values corresponding to hetera clinic orbits going from 02 to 01, or to a homoclinic loop of 0 1 . As we mentioned in the previous section, no bifurcations happen in the region (J-Ll < 0, J-L2 < 0) because there both separatrices leave the neighborhood U. Thus, at the end point, at least one of the points G
We see that in the region
les on e lne 1, I.e., t e separatrix f2 is an s-round connection for some s ~ k -1. The latter statement means that for some s = 0, 1, ... ,k-1. For the parameter value (J.t1 = hh (J.t2) , J.t2 = J.t2) the sequence G l , G 2 , ... is infinite. Indeed, since the separatrix r2 forms an 8-round heteroclinic connection, the point G 2s +1 belongs to 8P. The image T 1 8P is the point Gi where the separatrix r1 intersects 82 .. Therefore, the point G2s+2 in our sequence coincides with Gi (by definition, G 2 s+ 2 = T1 G 2 s+1) and the successive points in the sequence are the iterations of the point Gi. We proved that the sequence of these iterations is infinite in the region-J.t2-2 J.t1 2: h l (J.t2)3, but it is the region to which the parameter value (J.tl = hh(J.t2), J.t2 = J.ti) belongs by virtue of (5.14)).
In particular, u 2k +1 2: 0 for the given value of J.t. Since u 2k + 1 is an increasing function of J.t1, we get that u 2k +1 > 0 for J.tl > hh (J.t2) . This implies that the separatrix r 2 cannot form a k-round heteroclinic connection for J.t1 > hh (J.t2)· If J.t1 < hh (J.ti), the value u 2s +1 must be less than zero (since it is equal to zero at J.t1 = hh (J.t2) and it must decrease when J.t1 decreases). This We arrive at the contradiction: for the given J.t2 there is no value J.t1 corresponding to the k-round heteroclinic connection but J.t2 was supposed to belong to the domain of the function h~I' Thus, we must conclude that inequality (5.14) does not hold. The lemma is proved. Now we can prove Theorem 2.1. Evidently, the bifurcation set cg l is the line J.t1 = O. We have also established (see Eq. (5.2)) that the bifurcation set LI is a smooth curve J.t1 = hI (J.t2)J.t2 > 0 intersecting the line J.t1 = 0 infinitely many times (Lemma 5.2).
To complete the proof of the theorem it is necessary to construct bifurcation sets C~I : {J.t1 = h~I(J.t2)}' (k = 1,2,3, ... ). Let, for some k, the following conditions be fulfilled:
1. the domain V~1 of the function h~1 is not empty. hl(J.t2) < h~1(J.t2)} on the interval (J.t~,J.t~), then this interval does not intersect with the domains of functions h~~ for k' = k+ 1, k+2, .. . ). Therefore, below we will consider only the points P and Q such that hI (J.t2) > hh (J.t2) on the interval (J.t~, J.t~).
Let J.tl = hI (J.t2), (J.t ELI) and let J.t2 tend to J.t~ + 0 (to J.t~ -0). In this case, the u-coordinate of the point G~k+1 of intersection of the separatrix r2 with the cross section 8 1 tends to +0.
According to the spiral property, the image G~k+2 = Tl G~k+l winds along a spiral curve to the point Gi = r l n 8 2 . Since Gi f/. 8g here, the map T2 is a diffeomorphism near the point Gi. Consequently, the point G~k+3 = T2G~k+2 traces a spiral on 8 1 winding to the point T2Gi (Fig. 17) . We take parameters on the line Ll corresponding to a singleround homoclinic loop formed by the separatrix Fig. 17 . When the initial point G E 8 1 tends to the stable manifold (staying in Si), the image of the point under the action of the map Tll traces a spiral on the cross section Slut which is mapped onto a spiral on S2 by the map T12. The map T2 transfers this spiral to the cross section Sl. The image point winds now to the point on Sr where the separatrix r 1 , that forms a homo clinic loop for the given parameter value, intersects Sl. Thus the image point intersects Sr infinitely many times.
rl· Therefore, the point T2Gi lies in Sf Accordingly, the spiral behavior of the point G 2 k+3 means that this point infinitely many times intersects the line Sr moving from st to Sl and then to st again.
When the point G~k+3 lies on Sr, this means the presence of the (k + I)-round heteroclinic connection. Thus, we find that on the arc of the curve Ll which corresponds to J.t2 E (J.t~, J.t~) there exists infinitely many points of intersection with the bifurcational set C~tl, i.e., the domain 1)~tl of the function h~tl is not empty and intersects with the interval (J.t~, J.t~).
Let us show that the function h~tl is defined for all J.t2 E (J.t~, Jt~). Indeed, it follows from item 2 of Lemma 5.4 that the end points of the domain of h~tl correspond to the end points on the graph of h~tl which are some points of intersection of the graph of the function hI (Jt E LI) with the graph of the function hh (Jt E C:h) for some 8 = 0, 1, ... , k.4
By construction, the points P and Q are successive points of intersection of the curves Ll with C~l' This means that on the interval (J.t~, Jt~) there is no other point of intersection Ll n C~l' Also, we have that the interval (J.t~, JL~) lies in the domain 1)~1 of the function h~l' According to item 3 of Lemma 5.4, everywhere on the domain must be hh < hI for all 8 < k. Thus, the equality hh = hI is impossible on the interval (Jt~, Jt~) and there are no intersection points of LlnC~l (8 = 0, 1, ... , k-l) for J.t2 E (J.t~, J.t~). •
